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ABSTRACT _0_

This study contains a digest of Minkowski's theory of electro-

dynamics of moving media in the three-dimensional form and a

critical review of some current writings on th_.s subject from the

point of view of Minkowski's theory. The invariant nature of the

Maxwell-Minkowski equations is explained in term_ of a conventional

language. The important role played by the constitutive re.lations in

formulating a complete theory of electrodynamics of moving media

i.
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A STUDY OF ELECTRODYNAMICS

OF MOVING MEDIA

PR EFAC E

"... Minkowski, in 1908, at long last in fullpossession of the

principle of relativity, was the first to solve the problem completely. "

Arnold Johannes Wilhelm Sommerfeld (1868- 1951)

INTRODUCTION

:_ The correct formulation of the electrodynamics _f movir,- media

has been a challenge to scientists in the pre-relativistic era as x/ell

,g

as in modern times. As we know fron_ the history of the subject, the

$
_ theory was formulated by Minkowski I three years after Einstein's

enunciation of the special theory of relativity. Many physicists,

specializing in relativistic theory, undoubtedly have a comprehensive

knowledge on this subject. Unfortunately, from the author's own

_ experience, Minkowski's great work has not penetraied very deeply

} into the minds of many people. As a result, many of us must learn the
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subject the hard way and encounter endiess frustrations. Of the con-

temporary writings there is no do_'St that Sommerfeldls masterful book z

contains all the details of Minkowskils theory in modern form. That

great teach_r, perhaps accustozned to the group of brilliant students

surrour, ding him during his entire life, did not elaborate some of the

technical aspects of the theory where most of us need guidance.

Cullwick, 5 in his scholarly book, attempted to present tho subject,

using conventional language. However, because of his "unorthodox"

approach and hi_ liberal attitude and strong leaning towards various

possible "physical" models, not enough emphasis seems to have been

placed upon the unique features of Minkowski*s theory. The purposes

of this article are, first, to give a digest of Minkowskils theory; and

second, to give a critical review of some current writings on this

subject from the point of view of Minkowskits theory. In particular,

we shall point out the importance of the constitutive relations in

providing a complete theory of electrodynamics of moving media.

Let us emphasize trom the very beginning that without Einsteinls

special t_.eory of relativity the electrodynamics of moving media would

remain a mysterious problem within the framework of classical physics.

While the mathematics of the speciat theory of relativlty is not

complicated, it is the physics, more specifically the concept of

invariance, tha_ h_s blocked our comprehension of the beauty of

Z
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Minkowski's theory. Since it is no: the purpose of this article to give

a full account of Minkowski_s theory in its original form, we intend to

restate the theory using a langu;_ge familiar to r.hose reader_ who

already know the electrodynamlcs of a stationary me..fium. For thz.t

matter we shall first review Ma×wellts equations for a stationary

medium and point out the importance of t.he cons_l.u.lve relations.

MAXWELLtS EQUATIONS 7N THE INDEFINITE

FORMS AND THE CONSTITUTIVE RELATIONS

As stated in most modern text books of electromagnetic theory,

the standard form of Maxwell equations are given by

-" 0E
:: (1) V × E = -
: at

,v,:

:_ --* 8D --
.,_ (2) vx H= _ +J .

at

_ They are sup,_lemented by two auxiliary equations

131 V" D = p

(4) _7" B = 0 .

The nomenclature is given by:

E, D = electric field vectors

H, B = magnetic field vectors

J, p = free-curre,_t and free,-charge densities .

3
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When the constitutive relations between the four field vectors are

unknown or unspecified Eqs. (i-4) are insufficient for us to permit

a solution. W_ shall therefore designate Eqs. (l-Z), as long as the

constitutive relations are not specified, as the Ivlaxwell equations

in the "indefinite" form. For historical reasonsj and perhaps many

others, the constitutive relations have always been introduced in
-_ -4P

terms of two material field vectors P and IV[, the polarization density

and the magnetization densi_ . These are usually defined, for

stationary media, in the following two equations:

--4, .-_ --_

(5) D = co E + P

(6) B=_o(H+M) .

As we are going to elaborate later, the misunderstanding of the electro-

dynamics of moving media is partly due to the delicate concepts attached

to these two quantities. Now, as long as the relations between P, M

and .', H are still unknown or unspecified, the constitutive relations

are not yet specified, and we have not changed the indefinite nature of

Eqs. (I-Z). However, the lat_er may now b_ presented in four

apparently different forms. They are:

Form I, _PBM
-4P

"_ 8B
(7) V× E _-- -----

%t

4
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(8) Vx = -- (c o E+ P) +Tx M +J
8t

Form II,EPHM

(9) ?× E----- _o(H+M)%t

..@.

a _ -4b

(I0) v× H= -- (_oE +Jat

I
Form III, DPBM

I
J = - --- +V×

at

;) -(It) VX = -- +V× M+J
at

I
Form IV, DPHM

8 _ ""

(13) VX (_O1= - -- _to(H+M) +VX I_o)

"_ 8D "-"
| I141 VX H= -- + J .
! at

p

[ Several schools of though ha%e arisen in arguing an to which of

these is the most desirable form. Form I, the so-called Amperian

t -, model, is favored by some people mainly because the terms aP/St

._, and V × M can be vividly interpreted _s the electric polarization
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current and the elec*_rlc magnetiz&tiorl current, respectively. The

term a(po/Vl)/8_ in Form Ii can also be vlvidI¥ interpreted as a magnetic

magnetization current. Forms HI and IV played an Insignificant role

in the history of electrodynamics, Now, we would like to cast one

definite opinion in regard to these for=us. As lon_ as Maxwell's

equations are written in the,.'r indefinite form all these variants are

eq_11y acceptable. The reason for this strong statement is that once

the constitutive relations are known or specified all of them reduce to

one definite form, and it is this final form of h4axwellts equations with

the constitutive relations that provide us a working model. In other

words, it is meaningless to speak of the solutions of the IV[axwellts

equations in their indefinite forms. Thus, for a stationary, isotropic,

homogenecus_ linear med/urn_ we have

(15) D = _ E

(16) B - i_. H

where _ and _m denote, respectively, the permi_ivit_y and permeability

of the medium. With these additional relations Eqs. (1-2) have only

one definite form although we may still present them in terms of E

and H, E and B, D and H, or D and B. The difference, however, is

_rivial, With this muc]_ discussion of the electrodynamics of station-

ary media we pass to the electrodynamics of moving media.

6
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MAXWELL-MINKOWSKI EQUATIONS

IN THE INDEFINITE FORM

For clarity, we shall arbitrarily divide Minkowskils theory of

electrodynamics of moving media into two distinct parts. The first

part deals with the invariant nature of Maxwell's equations. It is,

perhaps, mainly a misunderstanding of this part of Minkowski's

theory that has created many apparent paradoxes in the past and the

present. Expressed in terms of our usual language, the _rst part of

his theory shows that _axwe111s equations as stated in (l-Z), originally

formulated by Maxwell for stationary media, are also valid for a

medium which is moving uniforvrAy with a velocity v with respect to a

fixed reference system, usually the laboratory system. To avoid any

confusion we will rewrite Eqs. (I.-4) with a subscript "m" attached to

all the field quantities as well as the current-density and charge

density. They are:

(17) VX EL =- aBm
_t

... 8D m _

08) VX H m = --------+ Jm
8t

_4P

(191 V • D m = p m

(zo) v • B = o
m
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where the electromagnetic quantities are functions of position _nd time

defined in _he l_boratory sys;-em in the presence of the moving medium.

From now on we shall refer to Eqs. (17-Z0) as the Maxwell-Minkowski

equations. Since the velocity vector _" of the moving medium does

not appear explicitly in Eqs. (17-Z0), it must be contained implicitly in

the constitutive relations of the field vectors. The second part of

Minkowski's theory is to determine the constitutive relations based

upon the special theory of relativity, on the assumption that the

constitutive relations for the medium at rest are known. But before

we present the second part, we shall review various indefinite forms

of the Maxwell-Minkowskils equations that the author is aware of.

Form Ap EPBM 4

This is the Amperian model which we encountered before in the

section dealing wi_h stationary media. Although, the form of the

equations is uot changed we shall attach a subscript "a Is to designate

all the quantities pertaining to this model for the moving media. They

&re

-_ aB a
(zl) v x = - ----st

* This designation is not in conflict with Somlnerfeldls usage of the
same term (see Reference 2, p. 280) although he uses it to designate

the invarlant forms of Maxwe111s equations in two inertial systems
(a relativistic l',nguage).

8
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(7.7_) _7X _) = + V× Ma + Ja\_o at

(23) V" (_o Ea + Pa) = Pa

(Z4) V" B a = 0

Form B, EHPMv

s
This form was first derived by Chu, using a kinematic method,

It can also be derived from the method of ,notional flux. 6* They are:

.. _,. ... _)_olHc + M c)
(Z51 VX (Ec +po Mc X v ) = - 8t

_. _. -. 8(_o E c + Pc) --
X v) = +Jc(z61 v x (Hc - Pc at

--4_ --eP

(Z7) V " (co Ec + Pc) = Pc

-e,

(ZS) V " _o (Hc + Mc) = O .

The subscript "c" is used to designate all quantities pertaining to this

formulation.

In addition to the above two forms _e may mention the work by

Panofsky and Phillips 7 where the motional flux method is applied to

The method of motional flux when expressed in EBHD form is the

same as the Lorent_-Pauli equations as described in Reference (Z}.

It is merely a recasting of the invariant nature of Maxwe|l equations

from the poin_ of view of Minkowski's theory in the three dimensional
form.

.!9
.!
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Faraday's law, and a kinematic method is applied to the Maxwell-

Ampere law, in treating a non-magnetic moving medium, We would

like to point out that the polarization current defined in that work has

a quite different meaning than the polarization current defined by Chu.

As for the case of stationary media as long as the constitutive

relations are ,mknown or unspecified all these forms of the Maxwell-

Minkowski equations remain indefinite and are equally acceptable

provided that they are self-consistent. In fact, we may formulate a

more general principle of saying that any non-singular linear transfor-

mation of the field vectors, Era, Bin, Hm, and B_rninto another set of

four field vectors i_jacceptable. Of course, the transformed vectors

may not have an easily identifiablephysical significance. The inherent

reason for offering such a general principle is that the inv_riant nature

of the Maxwe11-Minkowski equations is stillpreserved under such a

transformation. This principle, of course, covers all the indefinite

forms which we have mentioned for the electrodyna,_.ics of moving

media as well as of stationary media. Based upon this p_ inciple, we

see that Forms A and B are equally acceptable. The transformations

that relate the field vectors in Forms A and B Rnd the M_x_vell-

Minkowski field vectors are gi,ren below:

: 10
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Form A

(zg} Ea " _2m

(30} B a = B m

(31} Ba . _ =a m
_o

(321 _o Ea + Pa =Dm

&-(33) - Jm

134) Pa = Pm

Form B

(35) E c +_oMcX v = E m

(36) Po (Hc + Mc) =Bm

{37} _ -_ ×_-_m

(38) eo Ec + Pc --Dm

-4P _ap

(39) Jc = Jm

(40) Pc = Pm •

These relations are essentially linear transformations of the type

referred to above. The field vectors E c and Hc obviously do not

have the same meaning as the field vectors E m and Hm defined in the

11
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Maxwell-Minkow_kl equations. H.hwever, when v = 0 they are the

same as E m ar.d Hm. Hav'ng explained the invariant nature of the

Maxwell-M.inkowski equations we shall present the second part of

Minkowski's theory, namely, the determinatlon of the constitutive

rela_ions fcr z_ moving medium.

THE DEFINITE FORM OF MAXWELL-

MINKOWSKI EQUATIONS

The problem can be stated as follows: Suppose that the consti-

tutive relations of a stationary, isotropic, homogeneous, linear

medium are

(41) D-- e E

(4Z) B = F- H

--4b -._

(43) J = • E .

If the medium is now moving with a uniform velocity v what would be

the constitutive relations for the electrodynamic quantities E_m, Bin,

Hm' Din, Jm, and pm? An exact answer to this problem was one of

the major contributions by Minkowski, based upon the special theory

of relativity. The complete answer has been reproduced in many

books o£ electromagnetic theor)% perhaps, without too much

explanation. From Sommerfeldls formulae, s if terms of the order of

\ 1Z
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' ,Z
(v,'c, ar_. neglected, where v denotes =he magnitude of the velocity of

.:he reeving medium, and c, the veloc_.:y of light, one obtains the

follow"ng fnrmulae:

(44) D m = e E m + (_t - eo_o) v × Hrn

(45) B m = _t H m a (e_ - £oPo) v X E m

(46) Jm = Pm v+ g [E m + v x Bm] .

We have so far stayed away from the relativistic part of the theory
'2

except to use the results. As far as accuracy is concerned, we shall

"!
consider Eqs. (44-46) as correct, just as we consider Newtonian

i mechanics to be, as long as v << c. When v = O, th_se cq,,_at_ons

reduce to the well-known constitutive relations for a stationary medium.

When _ _ = _oeo , {Y = 0 and Pm = 0 they reduce to the constitutive

l relations for empty space. This is one of the beautiful aspects of

. Minkowski°s theory. Once the constitutive relations are known there
q

is one and _nly one definite forrr, of the Maxwell-Minkowski equations

_ and this is blinkowskils theory of electrodynarnics of movin_ media.

Returning now to other formulations (A and B) one may, of

course, start with these forms and determine the corresponding

13
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constitutive relations by means of rela_ivisti, theory. _ In view of the

rela_..ons expressed by !29-40) this is, of course, not necessa

because we can give an interpret&tion of all these formulations from

the point of view of Minkowski's theory.

Interpretation of the EBPM Formulation (Form A)

By makin 8 use of Eqs. (Z9-3Z) and (44-45) one can easily find

that

-_. -qb

(47) E a = E m

(48) a = _ - (p e - _oeo ) v X E m

(49) _o Ma = (P"_o) Hrn " (P e - Foeo ) v x E m

(50) Pa = (e'eo) Ern + (_e - _oeo ) v X Hm .

The relations between Ma, Pa and Ba, E a can reaaily be found if

desired.

In Boffits dissertation, Reference (4), he formulated the p_oblem

relativistically. But, instead of following the track of Minkowskl, he
was more concerned about the energy relationship based upon the
.a.rnper'-an model. The constitutive relations wer_ not discussed.

Appendix I of Reference (5) gives a formal representation of Eqs. (Z5-
Z8} in the four dirnensional form. It does not have, at least in spirit,

the same significance as blinkowski's four dimensional forrnulation
that enables him to determine the const'_utive relations as stated by
Eqs. (44-46).

14
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Int,_._erpretati0n of the EHPMv Formulation * (Forz_, B)

The EHPMv formulation has attracted much attention recently.

The s_eps that lead to this formulation based upon the kinematic

o method are very systematic. The theory however, is obscured by

the absence of a thorough discussion of the constitutive relations

between the field vectors defined in that formulation; hence it remains

as one of the indefinite forms.

In the original work, 9 reference (5), the constitutive relations

are stated without derivation_ They appear to stern from physical

intuition. We shall here verify these relations based upon Minkowskits

theory. By making use of Eqs. 135-,38) and (44-45), and neglecting

terms of the order of (v/c) z , that are justified in view of the same

approximations as are invo1_ed in Eqs. 144-45), one finds that

(51) E c = E m + 1_ - i_o) vX Hm

t

15Z) Hc = Hm" (_'_o1 v x Em

1531 I_oMc = 11_"IJo) l_, .,--m c v X E m)

(54) Pc = (E'_o) (Em +I A v x Hm) .

"I

_ of the fine details contained in this section result from a

iii valuable discussion with Professor H. C. Ko.

'I
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Under the same approximation, it can be shown that

(55) _o Mc = (_'_o)(Hc " eo v x Ec)

(56) Pc = (e'eo)(Zc + _o v x Hc) .

The last two equation_ correspond to the constitutive relations for the

field vectors defined in the EHPMv-formulation, which are now

derived from Minkowskils theory. By comparing Eqs. (53-54) with

Eqs. (55-56) we see that

(57) H m- e vX Ern = Hc . eo v× E c
#

(58) +p vX = c +_ovx .

The right-hand side of Eqs. (57-58) are the "effective" H and E fields

as designated by the authors in the EHPMv formulation. As seen by

Eqs. (57-58) these _£eldsare closely analogous to similar quantities in

the Minkowskils formulation. We have thus identifiedall the field

vectors in the EHPMv formulation through Minkowski_s theory. As

we have emphasized before there is only one definite form of the

h_xwell-Minkowski equations once the constitutive relations are

revealed.

16
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CONCLUSION

As a resul" of this study ii: is hoped _hat we have clarified certain

misunders_ndings about Minkowski's theory, so that it can be appreci-

• a_ed more as one of _he most beau_'ful compositions in the scientific

literature. As a conclusion to this article, we shall again quote from

Somrnerfeld, from his opening remark to Part III on the the'_r " of

relativity and electron theory: "The path taken by Einstein in 1905 in

the discovery of the special theory of rela*Avity was steep and difficult. • • •

The path which we shall take is wide and effortless. " The autho;

wondered whether the path is as wide and effortles_ as the master said.
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